We illustrate the analogue of the Unruh effect for a quantum system on the real line. Our derivation relies solely on basic elements of representation theory of the group of affine transformations without a notion of time or metric. Our result shows that a thermal distribution naturally emerges in connecting quantum states belonging to representations associated to distinct notions of translational symmetry. The existence of inaccessible regions of configuration space determined by the different action of translation generators is the key ingredient of the analysis presented.
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The notion of horizon temperature is central for our understanding of the interplay between gravity and the quantum realm. Starting from the discovery that black holes radiate with a temperature proportional to their horizon surface gravity [1] , over the years it was appreciated that such phenomenon is a universal feature for any local horizon [2] [3] [4] [5] [6] . In particular, causal horizons can exist also in flat space for observers undergoing constant acceleration, and the associated temperature, proportional to their acceleration, was originally derived by Unruh [2] .
The thermodynamic properties of horizons seem to hold the key to a more fundamental understanding of gravity itself. A celebrated result by Jacobson [7] shows in fact that Einstein equations can be derived assuming an entropy balance relation δS = δE/T U , where the variation of a local horizon entropy δS is determined in terms of the local Unruh temperature T U and energy flow across the horizon δE, set equal to the variation of the horizon area described in terms of the focusing of null geodesics.
At the same time the quantum thermal radiation associated to the temperature of a black hole horizon has led to one of the most puzzling dilemmas that our quest for a theory of quantum gravity is expected to dissolve: the apparent impossibility to reconcile a unitary quantum evolution with the fate of an evaporating black hole [8] [9] [10] [11] [12] [13] . A deeper understanding of what are the essential features of the thermal behaviour of quantum systems in the presence of horizons could provide valuable insight for both such perspectives.
In this letter we show how the same type of relationship between horizon and temperature found for a quantum field in various space-time geometries admitting an event horizon, emerges already in a simple quantum system with translational symmetry living on the real line. The geometric input for our quantum model is reduced to the bare minimum and essentially boils down to a partition of the real line determined by the choice of a dilation generator as translation acting only on the positive or negative half of the real line. The inclusion of dilations enlarges the abelian group of translations to the group of affine transformations of the real line [14] . The derivation we present is essentially group theoretic in nature: a thermal state is naturally emerging when comparing two representations of the affine group which differ in the range of their "space spectrum" due to the partition induced by the dilation transformation.
To understand the relevance for the affine group in the present context let us recall that elementary particles are irreducible representations of semidirect product groups [15, 16] . These are comprised of an abelian subgroup of translations acted upon by a group of "generalized" rotations. Irreducible representations of such groups are constructed from (one-dimensional) representations of the abelian subgroup [17] which are nothing but plane waves i.e. wavefunctions representing free particles.
In the case of a line partitioned into two, positive and negative, semi-lines one deals with two candidate translation generators, of which one, denoted by P below is just the standard momentum, generating the real line translations, while another, denoted by R generates translations on a semi-line. One can consider plane waves, and therefore one-particle states, which are eigenfunctions of both translations P and R. The co-existence of these two candidate translation generators is the key to the "linear" Unruh effect we derive.
Together the transformations generated by P and R form the affine group of the real line, also known in the mathematical literature as the "ax+b" group. Our starting point is therefore its two-dimensional Lie algebra
Let us note in passing that, if R is to be interpreted as a generator of translations, it should carry dimensions of inverse length, contrary to what eq. (1) indicates. To simplify the following expressions, we will keep this generator dimensionless, restoring its physical dimension, when we turn to the discussion of our results. The irreducible representations of the ax + b group are well known (see e.g. [14, [18] [19] [20] ). There are just two such representations. Adopting P as generator of translations 1 they are given by eigenstates of P with positive and negative eigenvalues
which correspond to two distinct orbits of the dilations generated by R which cannot change the sign of k. We will interpret the states |k and | − k as particle and antiparticle states respectively. The invariant inner product on one-particle wavefunctions is given by
leading to the resolution of the identity
and the orthogonality condition for "plane-wave" states
In terms of induced representations the particle and antiparticle states can be constructed focusing on the abelian subgroup generated by P and considering its characters [17] . These are one-dimensional irreducible representations
which themselves form an abelian group (in fact isomorphic to the group of translations i.e. R seen as a group under addition), labelled by the coordinate "x". The states |x can be seen as elements of a Hilbert space carrying a representation of such "group of characters" with
and x|x ′ = δ(x − x ′ ). Notice that there is no Fourier duality between the |x and |k states since these belong to Hilbert spaces which are not isomorphic. The easiest way to see this is to notice that the Hilbert space spanned 1 Representations of the "ax + b" group were re-discovered in the literature on non-commutative space-time in recent years [21, 22] . There the algebra of the ax + b group (1) is the two-dimensional version of the so-called κ-Minkowski space [23] . In the works [21, 22] only the representations in which the dilation generator is the "translation" generator (see eq. (9)) are considered.
by |x carries a natural representation of the affine Lie algebra (1)
with x ∈ R, however, such representation is not irreducible. To see this let us notice that for the semi-direct product group generated by the algebra (1) one can construct irreducible representations starting also from the abelian subgroup generated by R. In full analogy with the P -representation one considers the characters (plane waves) elements of the irreducible representations of the abelian group of "translations" generated by R
with ω|ω ′ = ω δ(ω − ω ′ ) and ξ|ξ ′ = δ(ξ − ξ ′ ). In terms of the R-representation (dimensionless) coordinate ξ the generators of the ax + b group are given by
Comparing the two representations of the generators we have:
from which we see that the coordinate labels x and ξ are related by
We see that the space coordinate ξ of the Rrepresentation covers either the positive or the negative half of the spectrum of the space coordinate x of the Prepresentation. Let us focus on the x = e ξ case. One can establish the following isomorphisms [19] |ξ ≃ |x = e ξ ≡ |x + ,
where the spectrum of the coordinate index x of the states |x + covers the positive half line. We can thus write the following maps between "coordinate space wavefunctions"
(15) We would like to define an additional copy of the ξ-representation isomorphic to x-states with support on the negative half line. The subtle point to notice here is that the translation generator P = i d dx has a global "right moving" orientation while R = ix d dx is right moving on the positive half line and left moving on the negative side. Thus, in order to cover the negative x spectrum with R-wavefunctions with the right orientation, we have to introduce ξ-states, which we denote with |ξ , carrying a representation of the translation generator
Such definition immediately leads to the following isomorphism
so that ξ ranging from −∞ to ∞ covers the range x ∈ (−∞, 0 − ). The resulting form of the generators is
Wavefunctions representing one-particle states ("positive energy" states) in theξ-representation are now given by
and analogously
We can now write the resolution of the identity in the x-representation in terms of the newly defined represen-
Moreover it is easy to see that
(just write ± k|x ± = ∞ −∞ dξ ± k|ξ ξ|x ± and use the isomorphism (13) and (17)). The resolution of the identity (21) leads to the following expression for an Rparticle state in terms of states with support over the whole real line
2 Integrating dx dξ = −x we have x = ±e −ξ and we pick the negative valued solution.
where we fixed the normalization constant, using the identity
, by requiring the orthogonality condition R ω|ω ′ R = 2ω δ(ω − ω ′ ) given that the state |ω R contains two "R-particles", one for the positive and one for the negative portion of the real line. Using (23) and (22) we can calculate the overlap between the |ω R and the |k ± states
Note that these are just Mellin transforms of the planewave e ikx [19] and describe P -representation momentum space wave-functions for an ω state in the left and right portions of the real line. We can now use the analogue of the inner product (3) for the states |k ± to calculate the number of P -particles in such state. Focusing for simplicity on the right semi-line we have
(25) and using the identity
we obtain
showing that on the right portion of the real line an ω state carries a thermal distribution of P -particles at a temperature T = 1/2π. In order to see how the argument just given is related to the familiar Unruh effect let us consider the twodimensional Minkowski and Rindler spaces. In the former, we have two commuting generators of translations, T 0 , T 1 , and the group generated by them acts transitively. Similarly, in the Rindler space case, we also have a transitive action of an abelian translation group, given by transformations which, from the Minkowski space perspective, are generated by boosts N and dilation D [24] . All together these four generators form the twodimensional Weyl-Poincaré algebra, with the nontrivial commutators being
Rewriting such algebra in terms of light cone generators P ± ≡ T 0 ± T 1 and R ± ≡ −1/2(N ± D) it os easy to see that we can make the following identification with the generators of the algebra (1): P + = P and R + = R. Thus representations of the ax + b group are directly related to the one particle states of a massless field on Minkowski and Rindler spaces. To see how (27) is related to the Unruh effect let us recall that, as it is well known, the operator aN , where a is the Rindler observer acceleration, has the physical meaning of the Rindler space Hamiltonian, while the operator aD generates Rindler spatial translations. It follows that to describe physics as seen by the accelerated observer moving with acceleration a, we have to replace the operator R with aR, the latter having the canonical dimension of inverse length. Tracing the resulting changes down to the formula (27), we discover that the physical temperature of thermal distribution becomes T = a/2π, which is exactly Unruh temperature.
The derivation we presented unveils a fundamental group theoretic structure underlying the thermodynamic properties of quantum systems in the presence of partitions induced by different choices of observables. This evidences the universal character of such effects and suggests that they should be a common feature of any quantum system whose fundamental symmetries are described by the affine group. We hope that such new look on the Unruh effect based on simple elements of representation theory can provide further valuable insight on the puzzling aspects of quantum effects near the horizon and the fate of unitarity in the evolution of a black hole.
